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On Potential and Field Fluctuations in
Classical Charged Systems
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Using electrostatic identities the potential and microfield in a plasma, important
for determining line shapes, are expressed as limits of local quantities. These are
shown to be well defined for typical configurations of macroscopic, i.., infinite
systems (under some mild clustering assumptions). Their covariance contains a
slowly decaying part (|x| ™!, for the potential) whose coefficient is universal
whenever the Stillinger-Lovett second moment condition holds. We show fur-
ther that the contributions from distant regions (which are equal to suitable
averages over local regions) have a Gaussian distribution.

KEY WORDS: Coulomb systems; potential fluctuations; microfield distri-
bution; particle correlations; sum ruies; clustering.

1. INTRODUCTION

We investigate the fluctuations of the potential and electric field in a
classical system of charged particles in three dimensions. Knowledge of the
distribution of the electric field, usually referred to as the microfield, is
important for understanding the structure of charged systems and for
determining the shape of spectral lines emitted by a neutral or partially
ionized atom (radiator) in a plasma.(”

The line shape problem was first considered by Holtsmark® and
Margenau,® who developed the statistical theory of line broadening. Their
computation of the microfield distribution neglected all correlations be-
tween the charges and much effort has since been devoted to improving the
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resulting Holtsmark distribution.t*>~® An important input into the approxi-
mation scheme used in Ref. 9 which appears to give the best agreement
with computer simulations, is the exact value of the second moment of the
electric field distribution at a charged ion in a one-component plasma
(jellium). This shows the usefulness of exact relations for the microfield
distribution and is one of the motivations of the present work.

In carrying out this analysis, it is necessary, owing to the long-range
nature of the Coulomb potential, that careful attention be paid to the
(infinite volume) limits required for defining the microfield in a macro-
scopic (formally infinite) charged system. It is the purpose of this note to
prove, under some reasonable assumptions, the existence of these limits and
to derive expressions (involving only low-order particle correlations) for the
covariance of the field at different points in space. We hope that this will be
useful both for the development of a general theory of Gibbs states of
charged systems, as well as for developing microfield distributions in a
manner similar to that of Ref. 9 in a general plasma.

We note here that in some cases, e.g., for high temperature and
low-density plasmas, for charges on a lattice, for fully symmetric systems,
our results follow, more or less explicitly, from first principle computations
without any additional assumptions.!? Another special case is the one-
component plasma, jellium, in two dimensions at one particular tempera-
ture T=2e>/K,. At this value the correlations are known('" and the
whole analysis can be carried out explicitly. This as well as the general
two-dimensional case will be discussed in a paper by Alastuey and Jan-
covici.(1?

Formulation of Problem

We consider a system of N charged classical particles at equilibrium in
a finite volume A C R®. A particle of species a carries a charge e, and we
may have an additional uniform external charge density pp (jellium model).
The system is globally neutral

N
> e+ |Alpg=0 (L.
i=1
where |A| is the volume of A.
The particles interact by a two-body potential

€,

(41292) = [T+ 4701 42) (12)

where we use the abbreviated notation g = (a, x), x denoting the position of
the particle.
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$%(q,,9,) is a short-range potential, invariant under translations and
rotations, which includes the local repulsion effects needed for thermody-
namic stability.

The equilibrium state of the system at inverse temperature S is
described by the set of its correlation functions p,(g,, . . ., g,) defined in
the canonical ensemble, and we write {(F >, for the thermal average of a
function F on configuration space.

Of particular importance is the (truncated) charge-charge correlation
function

Sa(xi>%) =<[ @(M)],[ 20 ] A

= ea2|:pA(al'xl s 0X3) = Pa(X1)pa(@Xs)
ap

+6,,0,0(X) — xz)PA(alxl)] (1.3)
where
N
Q(x)= 2 e, 0(x — x;) + pg (1.4)
i=1
is the charge density, and for any F we have set
[Fla=F—(F), (1.5)
The charge neutrality condition (1.1) implies that
fdxz Sa(xy,x)=0 for all x, (1.6)
A
The electrostatic potential at some point of space x, due to a given
particle configuration (g,, ..., g,) in A, 1s
1
V(x)= f dy —— 1.7
()= [ &7t 20) (17
E(x) = ~ V¥V (x) is the corresponding electric field. We are interested in the

fluctuations of the potential
W 2) =<V L[V s

1 1
= | dx; | d Si(xy, 1.8
fA ‘fAy‘lxﬂcll BESARES (%)

and more generally in the characteristic function

<exp(z‘k§1 ol V(xk)]A)> , v ER (1.9)

A

of the distribution of the potential as A—>R®. Even more important in
many cases are the corresponding fluctuations in the electric field E(x).
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We note that for particles with short-range interactions (for instance
with finite range d), the total potential and field are strictly local quantities,
i.e., V(x) depends only on the part of the particle configuration which is in
a sphere of radius 4 around x. In this case, the infinite volume limits of
(1.8) and (1.9) exist as soon as the state [i.e., the correlations functions
palqis - - -5 g,)] has a thermodynamic limit, and thus potential and force
fluctuations are well defined. This is not the case for the Coulomb poten-
tial: here V(x) is genuinely nonlocal and particles far away will contribute
to the fluctuations at x.

In this paper, we do not prove the existence of the limit (1.8) and (1.9)
as A —» R’ Rather, by assuming some reasonable properties of the thermo-
dynamic limit and of the bulk correlation functions, we derive various
results about the behavior of the potential and electric field correlations
which should generally hold in a large class of Coulomb states. Under these
conditions, we mainly establish the following points.

Owing to some electrostatic identities which we derive in Section 2, it is
still possible to compute the potential and field fluctuations as the limit of
averages of strictly local functions.

We then give formulas for the correlations of the potential and field at
both neutral and charged points. We find that even in states where the
truncated particle correlations cluster exponentially fast (Debye screening),
the potential and electric field correlations have a very slow decay (Sections
3-5). In Section 6, we discuss properties of the statistical distribution of the
potential and field. There is a natural distinction between the contribution
to the fluctuations of the nearby and the far away particles: we show that
the latter contribution is asymptotically gaussian. Moreover, there exists a
well-defined potential function for typical equilibrium configurations.

These results hold in three-dimensional homogeneous phases having
sufficiently good cluster properties. With some appropriate modifications,
very similar results are valid in two-dimensional homogeneous phases: this
is discussed in Ref. 12. The statistics of the electric field in one dimension is
not studied here since it can be explicitly computed by the method of
functional integration.(!*'¥

Crystalline phases (or phases with directional order) exhibit long-range
order (i.e., weak clustering) in dimension » > 2(*> and we cannot draw any
conclusion on the behavior of their potential and field fluctuations from the
present analysis.

2. SOME ELECTROSTATIC IDENTITIES

Let Q(x) be some three-dimensional charge distribution (with
fdx|Q(x)) < ) and V(y)= fdz(1/]|y — z[)Q(z) the corresponding po-
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tential at y. For any point x, we split the potential at y into a local “inside”
part due to the charges located inside a sphere > z(x) of radius R centered
at x:
Vin(x; y) = 0(z 2.1
r (X)) ER() ‘y—Z‘ (2) (2.1)

and a global “outside” part due to charges in the exterior 3> %(x), of this
sphere,

V¥ x; y) = 2.2
Rean= [ eEnloe 22)

We have clearly
V(y)=V@(x: »)+ VR"(x; ») (2:3)

and in particular
V(x) = V@(x)+ V§¥(x) (24)

where V(x) = ViR(x; x), (V" (x) = V§"(x; x)) is the potential at x due to
the charge inside (outside) 3 5 (x). We define, moreover,

7 e L
Ve (x) ,z I ZR(x)dy V(y) (2.5)

Vm(out)(x) | - )dy V]ien(out)(x; y) (26)
R

the spatial average of the total potential (resp. of V"(x; ), V¥(x; y)) in
S (%), [S &l =47R*/3. Using the formula

47R> 1

> R
1 3 Tl |x]
f -t - x| 2.7
l<r ™ X =) —23—77—-|X|2+27TR2, |x| < R
This yields
Vu(x) = VE¥(x) (2:8)
e 1 2, 3
ViN(x) = dz z(———- - X +“‘> 2.9
R( ) S ) Q( ) 2R3|Z | IR ( )
and thus, with (2.4),
V(x)= Vi(x)— Vi(x) + Vi (x) (2.10)
V,‘;”‘(x) - _ 1711;1()(«') + I7R(x) (211)

Introducing similar definitions for the electric field vector E(x) = — V¥V (x)
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one gets in the same way the vector equation
E(x) = Eg¥(x) = E§'(x) + Eg(x) (2.12)
ER™(x) = — Ep(x) + Ex(x) (2.13)
with

Ein d Q ()C = Z>
X)= — z Q(z

R( ) ’{ER()‘) ( ) R?
The interest of the identities (2.10)—(2.13) is that they express the potential
(or field) due to charges far from x, as well as the total potential, as a sum
of a strictly local quantity plus the spatial average ¥, (x). This is important
for the following reason: if the potential fluctuations (1.8) have a thermody-
namic limit and decay at large space separation, then ¥(x) does not
contribute to them in the limit R —> oo; cf. next proposition. Hence, by
(2.10) the fluctuations of the potential around its average value can be
computed locally from Vi*(x) and ¥i'(x). One should, however, remark
that in an homogeneous state, lim, g Vi(x)>, and Lim,_,q{ VR(x)>,
vanish because of local neutrality, but the average of the total potential
given by

(2.14)

lim <V (x)>,= lim lim (Vg (x

A—>R3< ( )>A R-ow A—>R3< x( )>
can be different from zero when the finite system carries surface charges on
its boundaries.

Proposition 1. Assume that (i) the average of local functions ¥ have
a thermodynamic limit

lim (Fy,= (P

(ii) the thermodynamic limit W(x — y) = lim,_,m:WA(x, ) of the potential
fluctuations (1.8) exists, and (iii) limy,_,, W(x) = 0. Then

W(x =)= lim ([ PR)][ V)] (215)
and

lim <exp(i§k: yk[ V(xk)]A) >A = Rh—l;rio <exp(i% Yk[ I}fqn(xk)])>

A-R3

(2.16)

R0 AR? k

lim lim <exp<i%yk[V}gut(xk):lA> = lim <exp(—i2 vk[V;n(xk)})>

(2.17)
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with
Vin(x) = Vid(x) — Vil(x) (2.18)

The existence of the limits of the bulk averages involved on the
right-hand sides of (2.15)—(2.17) will be established in the next section.

Proof. The assumption (ii) implies that for each fixed R

. — 2 _ 1 _
Alg?quR ()] on= I3 &l sz(x)dxlszmdxz W= )

- <Z37? )3f1xu< xdxlfleK (P2 WR(x = x3))

and thus, by (iii),
lim lim ([ 7 (x)}2A>A= 0 (2.19)

R0 AR?

Introducing the decomposition (2.10) into (2.18), we have
Wax ) = <[ VR L[ RN ] o8+ VRO L[ Ve ()] s
+{[Ve@) ][ 7RO ] 0oa + [ Tr(®)] [ Fo(1)] O
(2.20)

By the Schwartz inequality, the second term of the right-hand side of (2.20)
is less than ((VPOROY [ Ve(MEDOY? Hence, using (2.19) and that
<[I7}{‘(x)]i>A remains finite (see Lemma 1, Section 3), this term tends to
zero as A—> R’ R—co. In the same way the two last terms of the
right-hand side of (2.20) vanish in this limit, and we get (2.15).

To show (2.16), we use [e™ — e”| < |x — y|, (2.10) and the Schwartz
inequality to obtain

(i Sl reo)) - (en{iSulvze)) |

(2w a0} Sl Paeo] K

(2.16) follows from (2.19) when we let A—>R* and R —> c0. (2.17) is proven
in the same way. W

Obviously, the same proposition holds for the electric field with the
corresponding definitions of £ n(x), E"(x), and the assumptions (ii) and
(iif) being replaced by (iv) ef(x, y) = JE"(X)]A[E*(»)]y>s has a limit
e”(x—y)as A—> R? and (v) lim,,,e"(x)=0.
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3. POTENTIAL FLUCTUATIONS AT NEUTRAL POINTS

In this and the following sections, we deduce various properties of the -
potential fluctuations, assuming that the conditions of the Proposition 1 are
true; ie., we study the right-hand side of (2.15), (2.16), (2.17) for an
infinitely extended state of the charged system. This state is described by

the set of its correlation functions p(g;, ..., q,) or equivalently by the
corresponding truncated (Ursell) functions p-(q,, ..., ¢,) defined in the
usual way:

pT(9192) = p(0192) — P(91)P(42)
p T(‘]l‘h‘]s) = 0(9:19293) — p(q:)p T(‘Iz‘]z)

— p(92)p T (9193) — £(43)P(4:9>)

These truncated functions will have decay properties at large space separa-
tion characterized by an index 5 such that

3.1)

r'e’(qy,. ., g)| < C, r= sup | x; — x;| (3.2)
i
The screening properties in the bulk of Coulomb states are conveniently
expressed in terms of the excess particle density at g when » particles are
kept fixed at gy, ..., ¢,:

P(991> - Gn) | &
p yee, )= —————— + > 8 —p 33
(‘]]‘]1 q) p(ql"- _,qn) Jg] qq; (q) ( )
with
8% = S(X%(S(x - X))
We start with the basic fact!%'” that when (3.2) holds for k < n + 2,
then p(q| ¢, . . ., ¢,) has no multipole moments of order / < n — 3.
In particular, [ = 0 gives the electroneutrality sum rules
queap(qlql, gy =0 (3.4)

In the case n =1, this implies [dx S(x, y) = 0, where S(x, y) is the bulk
charge—charge correlation defined in terms of the infinite volume correla-
tions as in {1.3).

For translation invariant neutral states, i.e., S(x, y) = S(x — y) and
S e.0. + pg =0, local neutrality implies (¥Vi(x)> =0 and thus [V%(x)]
= Pi"(x). Then, we have

Proposition 2. If
fdx S(x)=0 (3.5)
fdxlxl |S(x)|< (3.6)
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then limg_, . Vi(x)Vir(y)> = W(x — ) exists with

[ S
Wix) = =2 [yt 21S() = [yt ![fdzly(j)zi} (37)

and limy, _,, W(x) =
Moreover, if

fdx |x[?| S (x)] < o0 (3.8)

then

=5 5 fovtso] o) 5o ) o0

x|

where the second equality follows from the Stillinger—Lovett second mo-
ment conditions when it holds.('®1?

Before proving Proposition 2, let us make the following comments. We
see from (3.7) that the square potential fluctuations are well defined under
rather weak clustering conditions (3.6). However, (3.9) shows that they
always decay as K;T/|x| even if the clustering is exponentially fast (as in
the Debye-Hiickel regime). The asymptotic behavior of W{(x) is thus
universal, independent of the short-range part of the interaction. This can
also be obtained from the Sine-Gordon transformation when the latter is
applicable.(1?

Finally, (3.5) and (3.8) together with the space reflection invariance of
S(x) imply that its Fourier transform S(k)y=(2m)3 [e®8(x) is O(kP) as
k—0, and hence [dk (S(k)/ |k|*) < 0. Under these conditions, by apply-
ing twice the convolution theorem of Fourier transforms to the last expres-
sion in the right-hand side of (3.7), we also have

S(k
W(x) = (4m)? f dk e # (3.10)

Proof of Proposition 2. We have that
TREVRO) = (Vi) = TE)(Vir©) — 7RO)

is the sum of four terms which are calculated in the Appendix. The result is
as follows.

Lemma 1. Under the conditions (3.5), (3.6) the foliowing limits exist
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and are given by

Jlim (VR(x) V)= =3 [dy|y+ xIS(y) (3.11)
Jlim (VR EQ)= lim (TR(x) 72(0))
- —wfdy}y-i— x|S(») (3.12)

im lim (PR(x)Pin0)>

1
Ry—>o0 Ri—>c0

lim Rlll—l;noo VR(x)Vr(0)) =

Ry— o0

= —2wfdy|y+x|S(y) (3.13)

The first expression of W(x) in (3.7) results immediately from (3.11)-(3.12);
the second expression can be obtained either from (3.13) or shown directly
by using charge neutrality.

Because of electroneutrality and space reflection invariance, we can
write

W(x)= —2Wfdy(|x +yl = x| =y £)S(y), £= »l—i—‘ (3.14)

limy,;_,,, W(x) = 0 follows by dominated convergence from the fact that the
integrand of (3.14) is bounded by 2| y||S(»)| and converges pointwise to
zero as |x| = .

To prove (3.9) we again use electroneutrality and spherical symmetry
to write

2a 2
x| W(x)+ = d S
P E) 3f|yt<\x|/2yly| >

= =27 dy S |x|(]x+ = x|~y %
fmw S y y

1 8 — XX
1 2P )”)

—anf SOk 1= )] 3.15)

By the limited Taylor expansion, |x + y|— |x| — y- %= O(|y]*/|x|) for
|y| <|x|/2 and the integrand of the first term on the right-hand side of
(3.15) tends pointwise to zero. Dominated convergence implies again that
this term vanishes as |x| — o. Since the integrand of the second term is
majorized by (1/2)| y|2|S(»)| for | y| > |x|/2, this contribution also vanishes
as |x|— oo by (3.8), and this proves (3.9). W
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4. ELECTRIC FIELD FLUCTUATIONS AT NEUTRAL POINTS

The properties of the fluctuations in the electric field can be derived in
an analogous way as those of the potential. There is however one differ-
ence. Since the field E"(x) of a point particle at the origin behaves as
£7/|x%, |x| =0, its square has a nonintegrable singularity at the origin in
three dimensions. We suppress this local singularity by considering ex-
tended spherical charges with form factor 4,(x) such that [dx A, (x) = 1.

This amounts to replacing everywhere the point charge density (1.4) by
the smeared density Q(x) =3¢, A, (x — x;) + pg.

Keeping the same notation as before for the charge-charge correla-
tion, we have the following.

Proposition 3. Under the conditions (3.5) and (3.6),
Jim CEFW(x)EZM(0)) = e”(x)
—>00

exists with

+y) (x+y)
e”(x)=27rfdym(8m— (|);+};)| (');jy)’ )S(y) (@.1)
=fdy(;:i|)3 fdz(]j:ii)3 S(y)} 4.2)
and
|1|i£>n e”(x)=0 (4.3)
Moreover, if
S(x)=0(ﬁ$,—+—€) for 1=2,...,n €>0,
S, —3%7%S .
" (x) = (——— S )[— 5 o] +of 15 )
KT o e 1
N (6, —3X%%) + 0( |x|3) (4.4)
and
S e 1 - 1
r§1e (x)—47rfdyWS(y)-—o( [x[”“) 4.5)

where the second equality in (4.4) follows from the Stillinger—Lovett second
moment condition. We see from (3.7) and (4.2) that the field correla-
tions are related to those of the potential by e”(x) = —(32/9x"dx°) W(x).
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They have also a slow decay which takes the universal simple form
(KT /|x|>)(8,, — 3%7%*). However, the spherically invariant part of the ten-
sor e”(x) (i.e., its trace) has a faster decay when the state has strong
clustering properties. In fact, if the clustering is exponentially fast, (4.5)
shows that this quantity decays faster than any inverse power. Notice also
that applying the convolution theorem to (4.2), one can as well write in
Fourier representation

e”(x) = (4m) f ke <5 (k) KK (4.6)

lkl2
Proof of Proposition 3. One uses Lemma 2 proven in the Appendix.

Lemma 2. Under the condition (3.5) and (3.6), the following limits
exist and are given by

: r(in) s(in)
Jlim CE7(x) E(0))

= lim lim <E’(‘“)(x)Es(‘")(O)>

Ry~ o0 Ry~

x+y) (x+p)
=2wfdy‘—xi—yl(6m—( 2 (22 )S(y) (4.7)

X+l |x+ )yl

i 2 s T r(in) T s(in)
Jim RECELD(x) E™(0))

(x+p) (x+y)
lx+y| [x+yl

= — —fdy|x+y|(8 + )S(y) (4.8)

Equations (4.1) and (4.2) result immediately from (4.7) and from the fact
that (| Ef™ (x)]?>!/? being now O(1/R) by (4.8) does not contribute to the
limit. Moreover,

rs 1
le™(x)] < 8Wfdym SO

tends to zero as |x|—> . (4.5) follows from the fact that all multipole
moments of S(x) up to order n exist and vanish because of electroneutrality
and spherical symmetry. Hence, only the second term in the integral (4.7)
contributes to the asymptotic form of e™(x). Using again electroneutrality
and spherical symmetry we find (see Lemma 1 of Ref. 16)

Jim [xfe(x) =~ lim |x|3zay( =)@ rso)

= (8, = 32'%%) [— deylyle(y)} u

To conclude this section, we show that we can recover the result of
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Ref. 20 that the charge fluctuations { Q7> in a sphere of radius R behaves
as the surface of this sphere. This is an immediate consequence of Gauss’
theorem and of the properties of the field fluctuations. By Gauss’ theorem
and (4.6), we find

(Qr) _ 1 3 . . )
) 2sJl‘xl=1edngl'yl=Rday CE(X)E*(y)

47R*  (47)’R* 7,
1 S(k) foxp
= dk —— X d
477R2f |k flxl=Re Gl
sin2|k|R (sin]k]R)2
+

(k) 2
y [(coslklR) RTT: KR

The first term on the right-hand side of (4.9) converges to

27 dk

f |k 14

by the Riemann Lebesgue lemma [provided that S(k)/|k|* is integrable].
The other terms tend to zero because of the estimate

(4.9)

RGN NS (R)
<f|k|<ed |k eRf [k|*

S(k) sin|k|R
f |k|*  [k|R

Thus

lim
R—o0 477R2

which is the result of Ref. 20.

- %fdx[x}S(x)

5. POTENTIAL AND FIELD FLUCTUATIONS
AT A CHARGED PARTICLE

In the preceding sections, we have investigated the properties of the
fluctuations at a point x in space. It is also important in various physical
situations (such as the spectral broadening problem‘?) to know the effects
of the field fluctuations on a charged particle of type « at x; in the system.
Our previous results can easily be extended to this case by computing the

potential and field fluctuations at x, in the state { - - - >, with correlations
P(9oq1 - - - 4n)
g = —, = (ag,X 5.1
Po(% q) P(QO) 9o ( 0 O) ( )

conditioned by the presence of a partical of type «; at x,.
If po(q|q, ... gq,) denotes, as in (3.3), the excess particle density at ¢ in
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the state (- - - )y, we obtain immediately that py(g|q, ... g,) satisfy the

{-multipole sum rules for k=1, ..., n — 1 whenever the same is true for
o(qlq, ... g0, k=1,...,n This follows from the identity
Po(q1q1 - - 4) = (919041 - - - 4:) ~ P(91 9o0) (5-2)
Moreover, the two-point truncated functions pg(g,4,) in the condi-
tioned state { - - - >, can be written as
T T T
, ’ P (99192) P (9091) P'(9092)
p =p + — 5.3
0 (‘]192) (‘Ix‘]z) p(qo) p(qo) p(qo) ( )
More generally, the higher-order truncated correlations of the state { - - - >,
can be expressed as
p(qr - g)=p"(q1 - 4) + S(deds - - - ) (54)
where S(qoq; - - - ¢,) is a sum of products (up to density factors p(g,)) of
truncated functions pT(qu,.l ...q; ) where the arguments {g; ...gq; }
C{q, . ..q,} occur always in conjunction with g,.

Under the assumption of .7Z '-clustering (i.e., [dy; . ..dg,lp" (9001
... g,)| < ) we see from (5.3) and (5.4) that the pg(q, . . . g,) differ from
the p”(g, ... g, by a term which is jointly integrable in all variables
g - - - q,- As a consequence, the covergence problems occurring in the
definition of the potential and field fluctuations at a charged point are
reduced to those which have been treated in the previous sections. We shall
therefore not reproduce the proofs for this case, but only give some relevant
formulas, setting p(q,) = p,,, and x, = 0.

We first note that now (¥ *(0)), at x, = 0 is different from zero

im (PO = 1 UL S
Rh_I)I;o(VR (O)>0“Rh_r)20 |x1<quea( Ix] + JR> 2R )00(9)
1 e T
= —— d —_— ,(XO 55
o Jdaret @ oD (5:5)

Under the assumption of .7 !-clustering, (3.5) and (3.6), we prove as in
Proposition 2 the existence of the potential fluctuations, using (5.3):

Jim (V) 0= W(0) + ;i—o qu(&“—,) P " (91%0)

1 fa o7
+ o qulfdflz AR 0 (9192-a00)  (5.6)

with W(0) given by (3.7).
To compute the electric field fluctuations at a charged particle, we
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consider first spherical extended charges with form factors h,(x). The
(smeared) field at the origin due to a particle of type a at x is

E'(0.9)= - F(go.q),  whete g=(ax), qo=(ap,0)

( — 2)
F(q,:q5) = ea,eazfdzlfdz2hu,(zl = Xy) E‘_lg, az(zz X,)

is the electric force between two charges at ¢, and g,.
By spherical symmetry (E"(0)) = 0, and according to (5.3), we have

CE"(O)E*(0)y0 = [ dg, [ dqy E*(0,4,)E"(0,,)

X {PT(quz) + p—l‘ [PT(‘Zlqzqo) + Sq,qu(ql%)}} (5.7

Qp

fd‘bEs(O q2)qulF (90-91)

p(lo [£44

X {0(919290) = P(91)P(9290) + 8,,4,0(9190)} (5-8)

To obtain (5.8), we used (3.1) and the first BGY equilibrium equation (for a
homogeneous state)

fd%F(‘lo"h)P "(4091) = KpTVop(go) =0
Equation (5.8) can be further simplified by using the second BGY equation
J 41 F(30,41)(0(90142) ~ p(91)0(902)) + F(40+42)0(dod)
= ksTVop(q092) = — Kz TV20"(q042)

to obtain an expression involving only two-point correlations

2L B0V ) (59

(E"(0)ES(0)>e = —

D‘o Ap

After an integration by part and using Poisson’s equation (5.9) leads to

3 3 4q
ORECIPERE

Jae [z b2z~ %) |07 (ga0) (5.10)
0‘0 )

It is interesting to see that for a system of positive ions embedded in a
uniform background of charge density p, (pz < 0) the right-hand side of
(5.10) has a universal value. This is due to the fact that in this case, we can
deal with point particles (no collapse) and that correlations vanish at
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coincident points because of the repulsive interactions between ions. In-
deed, setting h, (z) = h,(z) = 6(z) in (5.10), we get

3 4Ky T
S AEO o= ~ == Sew(a0.a00)
r=1 ata, o
47K, T K,T
= We 8 S 0= 4,”@[)_?__ (5.11)

This exact value of the second moment of the field has been used in Ref. 9
to compute the microfield distribution approximately.

6. DISTRIBUTION OF THE POTENTIAL AND FIELD

In the previous sections we gave explicit formulas for the second
moment of the potential and field distribution. It is of interest in relation to
the line shape problem to have informations on higher-order moments as
well as on the full distribution of these quantities.

According to the splitting introduced in Section 2, the potential fluctu-
ations are due to both V"(x) and V2"'(x). The statistical distribution of
Vit(x) has apparently no simple properties since it is affected by the local
correlations of the particles around x.

The next proposition shows however that a central limit theorem holds
for the distribution of ¥§"(x): the fluctuations due to the particles far from
x [i.e,, outside of any finite sphere > (x)] are asymptotically Gaussian as
R — 0. In view of Proposition 1 and (2.17), it is sufficient to determine the
statistical properties of ¥*(x), and we have the following.

Proposition 4. Assume that (3.2) holds with n > 3 for k =2,3,4 and
fa’x1 lxy o (o xy 5 a,0)| < o0
fd‘h coodgy 10T(qr g1, 0,0) < oo (L 'clustering)
Then Vi2(x)), Vi(x,), . . ., are jointly Gaussian as R - co with covariance
W (x) =~ [dylx+ y]S(y) ©.1)

This is just half of the covariance (3.7) of the full potential fluctuation.

Proof. The proof is similar to that given in Proposition 4 of Ref. 20
for the charge fluctuations. We show that all the cumulants of the distribu-
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tion of ¥"(x),
n
ME(x, ... x,) =fdy1 c.dy, H1 T (%= )
j=

X D ey (s )
TR

with fp(x) = (x?/2R*—3/2R)Xy(x), vanish as R— oo except for n =2
[remember that MV (x) = (V*(x)> = 0 by neutrality]. For the definitions
of the cumulants and of the p(q, ... g,), see Ref. 20.

Since | fz(x)] < M /R, we get

[M}{’)(x1 coe )
<(%)n%ﬂR3(sgpleal)"qul o dgu o T(qy - Gumr s @,0)

which vanishes as R—> oo when n > 3. After the change of variables
Y1 —y3=1u, y;— y3 =0 and y; = Ry, we get

MP(xx,x5) = fdufdu €a,8up T (011, 030, 050)

-

[fdy fl(y +
(6.2)

The term in the brackets, [ - - - ], in (6.2) is uniformly bounded in R, u and
v and converges to a = [dy [ f( )P as R— co. Thus we find

RIEEO M (X1%2%3) = “{% ea3fd‘11fd92 €a,Ca (91,92, 250)

Under our clustering assumptions, the electroneutrality sum rule (3.4) holds
for n = 39 implying [dg, e, p "(4,9,95) = O (see Lemma 2 in Ref. 20), and
hence

)fl(y +

lim M{> =0
Rl_rfio R (X1X2X3)
Finally
Wou(x) = lim MP(x,0)= lim ¢ 7(x) 720
(x) = lim ME(x,0) = lim (TR(x)V(0)
has been calculated in Lemma 1. R
Let us remark that the distribution of V" °*(0) at a charged point is also

Gaussian with the same covariance (6.1), i.e., Proposition 4 holds without
modifications for the state { - - - »j. This follows from the fact that using
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(5.3) and (5.4)

(7RO = TRO)] >+

o P 3
dqea(*—z—}(jg“"ﬁ S(909; - - - 9n)

[xj< R
=([TR©)]>+0( zx)

We can, as for the potential, consider the distribution of the field Eg"(x)
due to the far away particles. Here, because of the faster decay of the field,
the local effects on the fluctuations of the particles outside of the sphere
> z(x) vanish as 1/R, R— oo [see (4.8) in Lemma 3]. However, we have
still a central limit theorem for the scaled field RER"(x).

Proposition 5. Under the same assumptions as in Proposition 4,
RE™(x) are jointly Gaussian as R—> oo with covariance given by (4.8).

In view of (2.14), the proof is the same as that of Proposition 3 with
fr(x) equal o (x”/ R*)xe ().

A more detailed question that we can ask for the charged system is the
following: what are the potential and field at x due to a typical configura-
tion of the particles? In other words, are the total potential and field well
defined random variables il an equilibrium state of the infinite system? The
problem was considered and solved in Ref. 14 for the one-dimensional
Coulomb system.

If dp, denotes the equilibrium measure corresponding to the correla-
tion functions p(q, ... q,), the next lemma shows that we can define a
potential function on the phase space of the infinitely extended system up
to null sets with respect to dj,.

Lemma 3. Assume that (3.5), (3.6), and (3.2) hold with 5 > 2. Then
ngxzo Ve'(x)=V(x)
exists in 2" (duy).

Proof.  Since dug has a finite total mass (i.c., [dpg = 1) it is sufficient
to prove the covergence of Vi'(x) in 7”2 (dpg). We first show that Vz'(x)
converges weakly in .72 (djg). For this we consider the dense set & of
strictly local functions in .#"?(du,) (a local function depends only on the
coordinates of the particles located in some finite region of R*). From the
definition of V,i“(x) and F € & we have

A — 2
PR = [dyxa(y - x)( e R “2—313)

X [CQUF> = CQU{FY] (6.3)
In (6.3) the neutrality condition { @(y)> = 0 has been used.
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Since ||yf?/2R*=3/2R|=0(1/|yD, |y[> R, and {(Q(F) -
{Q)YFy=0(Q/|y|"), n >2, by the clustering assumption, we obtain
by dominated convergence that

Jim TR)F = [d = C00)F (64)

for all local functions F in Z.

Since the norm {( I;'}z"(x))2> remains uniformly bounded as R — oo (see
Proposition 2), the weak convergence (6.4) can be extended from Z to the
whole of "2 (dp)-

Hence there exists a function V(x) in .2° 2(a')u ) such that V(x)=w ~
lim V(x); V(x) is defined by the right-hand side of (6.4). Lemma 1 shows
that

. Ain — ki : ‘rin I}
Jim PRV (= lim lim (VR0 Vi ()

. A 2
= lim (V)"

implying limg_, <[ V,i{“(x) V(P =0, ie., V,ﬁ“(x) converges strongly to
V(x)in £ *(dpp), and hence in 2" (dpg). B

We remark that the limiting function ¥(x) defined by (6.4) is the usual
Coulomb potential when interpreted in the sense of weak convergence.

However, the .#”! convergence of V‘“(x) gives us information on the
typical configurations in the equlhbrlum state represented by the Gibbs
measure dpg. The 2 ! convergence of V},“(x) implies that there exists a
subsequence {R,} such that

2
. 1 |x — xi] 3
lim e, +

n—co IXERH ( [x — x| 2R* 2R

= V(x) (6.5)

for almost all configurations {e,,x;},.

In this way, we can in principle calculate the potential at x due to a
typical infinite configuration of charged particles, up to a constant (see the
remarks in Section 2 before the Proposition 1). As a consequence of
Lemma 3, we obtain immediately the existence of a limiting generating
function (2.16)

s (o o) - (sl

[This, however, does not prove the existence of a unique probability
distribution for ¥(x) or that of higher-order moments {V(x,) ... V(x.)),
k>2]

We have the analog of the Lemma 3 for the field: there exists an
electric vector field E"(x) on the phase space of the infinite system. £7(x) is
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defined up to null sets with respect to the Gibbs measure dp,; and corre-
sponds in the weak sense to the usual electric field function.

Lemma 4. Assume that (3.5), (3.6), and (3.2) with n > 1 hold true.
Then limg_, , EZ'™(x) = E’(x) exists in .2 (djg).

The proof is analogous to that of Lemma 3.

7. CONCLUDING REMARKS

Our whole analysis was based on the assumption of the existence of
the thermodynamic limit for the potential and field fluctuations [assump-
tions (i), (i1), and (iii) of Proposition 1].

As concluding remarks, we present an argument suggested by Alastuey
and Jancovici for the existence of these limits. We take for A a sphere of
radius R, and assume that the finite volume charge-charge correlation
Sg(%, ) and its bulk limit S(x — y) =limg . Sg(x, y) obey an estimate
of the following structure:

|Sro(%s ¥) = S(x = »)| < f(x — ) g(Ro — |xI) (7.1)
with

fa’x|x| f(x)|< oo, f0°°drr|g(r)| < o0 (12)

In (7.1) f(x — y) takes into account that both Sg (x, y) and S(x — y) are
small as |x — y| is large (clustering), g(R, — |x|) insures that Sg (x, y) is
close to S(x — y) when x or y (since f is short ranged) are far from the
boundary.

Using the neutrality (1.6), the potential fluctuations at the origin
x = y =0 can be written as

Wr,(0,0) =j|‘x|<R0dxj1‘y|<Rody1—)l?l ( ﬁ - [—)ICT )SRO(x, »)

and thus, with (7.1), (7.2),

i 1 1
Wx (0,0) — d dy—{———|5(x~—
\ w0 flxKRo le-)"|<Ro 4 |x] ( Iyl x| ) * y)]

| g(Ro — [x])]
Daen T UM EEE LIRS
o 18(Ro=7)] . lq(r)]
<4”Mf0Rd’“g_m”r“=4”MfoRd’(—1§%7ﬁ—1=o(%o)

(1.4)
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In obtaining (7.4) we have used the fact that the bracket in (7.3) is O(1/|x])
as |x|>0 and O(1/|x[) as |x|->co; it is therefore bounded by M/
|x|(|x| + 1), M being a constant.

Thus we find from (7.2) and the result of the Appendix [see (A13)]

W(0) = lim Wy,(0.0)

= lim d>x d) -—l—(~1——L)S X —
Jor T p1 w)SE )

Ro—=> 0 Jlx| < Ry
= —277fa'x]x|S(x) (1.5)

recovering thus the expression (3.7). This shows that an estimate of type
(7.1), (7.2), together with neutrality insure the finiteness of the potential
fluctuations in three dimensions.

One should note that the situation is different in two dimensions. If
one replaces 1/|x| by —In|x| in (7.3), (7.4), one sees easily that one obtains
only a bound O(In Ry) in (7.4). This indicates that two-dimensional poten-
tial fluctuations diverge, a fact which can be established in the two-
dimensional OCP at T = 2.2
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APPENDIX
Proof of Lemma 1. According to (2.18), (2.1), and (2.9), the quanti-
ties to be evaluated in (3.11), (3.12) are, for x = 0,
A4 = 1}1_1)110 fdxlfdyl Sy = yOxe (X)fz (*1)Xr ()’I)fg()’l)
a, B=12 (AD
with
1 X, 3
fﬁ(x)=m, fﬁ(x)=—5§—3+§g (A2)

The general case will be obtained by substituting the translated function
S(x; — y; + x) in the final result.

Changing the variables y, = x; — u, x, = Rv and using the scaling
properties of the functions fg(x), (Al) can be written in the form

A“ﬁ=R1i_1)1iofduS(u)[C§B(u)— CRP () |xar (#) (A3)
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with
Cif () = R [ doxu(o)f(o)fF(v ~ % ) (A4)
Cif(w) = R [doxi (oo~ % )i()fi(o— %) (A9)

Xe (%) = 1= xr(x)

Notice that the integrand in (Al) vanishes if |x,| > R or |x,| > R, and
hence if |u| > |x; — x,| > 2R.
An explicit integration leads to

47R — 2x|u|,  |u| <R
Cr' (u) = 2 A6
2 (u) 2%2 , u| > R (A6)
2 4
S S TRy
=12
87 R
2
C (= S2R — Tl (AT
» 687R _ 4x |ul’
CGiM==35" "3 R
The conditions (3.5), (3.6) imply
lim |R duS =] R au §
Rl—?;ol f|u1<2Ru () Rgllo\ f]u1>2Ru (u)l
< lim du|ul|S(u)|=0 (A8)

R—00 J|u|>2R

and by dominated convergence

lim du S (u) - Wl _

R—>o0 Jlu|<2R
Thus we find
=27 | dulu|S(u), =8=1
lim [(du S () CF ()Xo (u) = { mfduuS@), = p (A9)
R0 .
0, otherwise
To evaluate the contribution of C*(u) to (A3), we consider first the case

where |u| > R/4. One finds from (A6) that

C1(w)| < R [doxi(o)fi(o)fi(v — %) = €)= Oul),  [ul> %
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and also that Cp*(u) and C2*(u) are O(Jul) for |u| > R/4. Thus

lim
R— o

du C** (1) S (u)

<M11m 3, e du[ullS(u){=0

fR/4<|u|<2R
(A10)

Consider now the case where |u| < R/4. In the integrand of (A5) we have
always |o| < 1, J[v—u/R| > 1, hence |o — 6| < |u|/R<1/4 and |[v— ¢ —
u/R| <2u|/R<1/2, = o|v|. For v,u lying in this domain, a limited
Taylor expansion around v = & yields

f () ff(v—u/Ry=14+ O(lul/R) (All)
For each fixed u we have that [dv x,(v)X,(v — u/R) is O(1) and tends to
zero as R — o0. Moreover, R [dv x,(v)x,(v — u/R) is O(|u|) and
lim Rfdvxl(o)xl(v - —;;) = 7|u|

R—>o0

Therefore, with this and (A11), we find again by dominated converge that
lim du C*F (u)S(u) = 'rrfdu|u|S(u) (A12)

R0 Jju|< R/4
Combining (A9), (A10), (A12), in (A3) leads to the result (3.11), (3.12) of
the lemma.

Taking first the limit R, — o0 in {VEO) V2O, VRO VO, . . .,
we see that the double limit is given by the first term of (A3). Therefore
(3.13) follows immediately from (A9). This concludes the proof of the
lemma. W

In view of (3.11), to establish (7.5) it is sufficient to show that

lim {—fdxfdyS(x —y)‘—):l—sz(X)xR(y)}

R—>o0o

= lim
R—>x

—47R duS(u)
|l <2R

+ du S(u)fdzﬁz-m(z))_a(z - %)J

|lu} <2R

= wfdx |x|S(x) (A13)

Indeed the first term of (Ai3) tends to zero as in (A8) and the second
term gives the same results as (A12) by the same arguments.

Proof of Lemma 2. Proceeding as in Lemma 1, we write

_u)s
/E’(‘“)OES(‘“)O duS(u) | dx X~ r(X)Xp, (X — u
(0)ER™(0)) = f ()f '3 ulgxl( IXr (X — 1)
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For fixed u, the x integral is absolutely convergent as R, — o0, R,—> o0 (or
R,=R,= R-> ) and tends to (= /|u|)(8, — #'4°). Moreover, it is
majorized by

1 1 il r+1y 1
dx — ——— = = drln(———)=0(——)
f |xP |x—uft (4l j(; r—1 fu|
Hence, (4.7) follows by dominated convergence. We get from (2.14)

REEPOBE0) = [ [ 81,500 - ool S

=fduS(u)[d§s(u)— A7 () ar(w)  (Al4)
with

dg (u) = Rfdvxl(v)v’(u - —%)S = %RS,S

dg (u) = Rfdvxl(u)xl(v - %)D,(D B %)s

The first term in (A14) does not contribute because of electroneutrality. For
the second term, we have

|uf?

c?,?(u)=0(—~) O(lu])  (since |u| < 2R)

and

lim d’s u u-do oo’ =T (8. + 4% u
Jm B =3[ e do oot = 5 (8, + )

where 3> (1) is the surface of the unit sphere. This leads to (4.8). W
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